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Abstract

\;s/ e use atwo states quantum spin system S, and thus considering the particular

case of three anticommuting elements and the measurement of e3. We evidence that,
during the wave collapse, we have a transition of standard commutation relation of
the spin to new commutation relations and this occurs during the interaction of the
S system with the macroscopic measurement system M. The reason to accept such
view point is that it causes the destruction of the interferential factors and of the
fermion creation and annihilation operators of the S system without recourse to
further elaborations based on the use of Hamiltonians or other methods. By this
formulation we propose a new method in attempting to solve the problem of wave
function collapse. The concept of Observable , in use in standard quantum mechanics,
is resolved in an abstract entity to which is connected a linear hermitean operator
that signs mathematically the operation that we must perform on the wave function
in order to obtain the potential and possible values of the observable. It does not
commute with a number of other operators characterizing the system and the non
commuting rules have a fundamental role in quantum mechanics . They have a logic
that must be analyzed in each phase of the non measuring and the measuring
processes. When we consider the dynamics of wave function collapse we must
account that the observed Observable becomes a number ,with proper unity of
measurements ,during the measurement, thus the linear hermitean operator to which
is connected before the measurement, disappears and in its place it appears a new
operator that maintain the non commutativity with the other operators to which the

old and disappeared operator was connected.

Physics Tomorrow a standard way of scientific
publication.

Keys: foundations of quantum mechanics; quantum collapse; commutation relations of Pauli matrices.
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1 Introduction

In ninety years since its beginnings, quantum mechanics has had great functional and theoretical success leaving little reason
to doubt its intrinsic validity. Nevertheless, we cannot ignore that some questions concerning the foundations of this theory
remained unsolved, and a historic debates among scientists arose and deeply influenced the eatly development of the theory.
The first important question concerns the problem of the wave-function collapse by measurement.

Its solution would be of relevant significance because it would provide us with a se/f-consistent formulation of the theory, which
presently depends on the von Neumann postulates that have been added from the outside to the body of the theory.

For a complete examination of the actual problems, as they are resolved to do, we refer the reader to the several reviews that
may be found in pertinent literature [1,2,8,9,10,11,12,18,19,20].

Consider the measurement of a given observable F on a quantum-mechanical system S that is in 2 normalized superposition
of states

W=ZCj¢i 5 Ci:(¢i’W) 5 Z|Ci|2=1; M

1

where @, is a normalized eigenstate of I, relative to an eigenvalue 4,, F'o, = 4.¢,, (¢,, (0]) = 5,.1. .

The probability of finding the eigenvalue A, during the measurement is |Cl.|2 , the corresponding eigenstate is @, and during

the measurement the wave function ¥ is subjected to the transition ¥ —> @, characterizing the completed collapse.
The density matrix approach as it was initiated by von Neumann is
Ps = |W><‘//| = chi6;|¢i ><(Pj ‘ = Psr, T Z|¢k ><§Dk | : @

i k

Usually, we consider a macroscopic measuring device M and we postulate that the states of M entangle with those of §

P=ps®py, =23 ccloNe,|®py = psu =D leil |0 N0 | ® Pusce, (3)
J

i k

If the system is not destroyed by the measurement, and if the interaction fits into the so called measurement of the first kind,
then the quantum state after the measurement will be the eigenstate associated with the measurement outcome, or more
generally (to include degenerancies), the normalized projection of the original state onto the eigensubspace associated with
the outcome. This rule is known as the projection postulate. 1t originated with Dirac and von Neumann [17], and was later
formalized in degenerate cases by Luders and Ludwig [14,15].

Consider § to be a quantum two states system. The complete phase-damping by using projection postulate gives
D(p) =[0){0]e{0){0] + 11| A1) @
Generally speaking, we have a set of mutually orthogonal projectors ( B, P,,......... .,Py) which complete to unity,

PP, =6,P, ZPI =1, the result (7) is obtained with probability p, = <W|B| l//> and the state collapses to

1
——hBly).
JZH

It is known that quantum mechanics has some peculiar features that are missing in the counterpart of classical physics. Two
basic features are quantum interference and the collapse. The approach given in such introduction is the classical one of
quantum mechanics and in years of research activity it has not given satisfactory results in the field of the quantum
measurements. This is an indication that has arrived the time to modify such approach introducing the new quantum
foundation that accounts also for the non commutativity of all the operators involved during the measurement. New
approaches are emerging in literature [21] and this is an indication that new reasonings are required. We give here the
treatment of a new formalization for the case of a quantum system having three anticommuting elements.

Starting with 2009 [5]-[7] our tentative approach was to use the Clifford algebra with the aim to construct a bare bone
skeleton of quantum mechanics but giving collapse. We will consider here basic features but remaining fully in the aim of
the foundations of quantum mechanics and thus without recurring to the Clifford algebra.
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2 Theoretical Elaboration

Consider the measurement of e, spin z-component. We have three operators , €,e,, and e, that satisfy the relation
ee +ee =20, for s 5)
with the following basic relations

=1 ©

ee, =—e¢e, for j#k

/ v
In matrix form we have that
0 1 0 —i 1 0
e = e, = e, =
1 > 2 . > 3
1 0 i 0 0 -1
®
These basic operators, e, , with i =1,2,3 | satisfy the following relations
a) it exists the scalar square for each basic operator:
ee =k ,ee, =k, ee, =k, with k, eR . )
In particular we have also the unit element, €, such that,
e,e, =1,and eje,=ee,
b) The basic elements e, are anticommuting operators, that is to say
ee, =—ee , €,6; = —€;e,, e;e, = —e,e;. (10)

Theorem 1

Assuming the two postulates given in (a) and (b) with k, =1, the following commutation relations hold for such algebra :
o . - i . i 2_ 2 _ 2

ee, =—e,e =lejse,e, =—ee, =ie; e;e, =—ee, =ie, 31 =€,€,63, (e, =e; =e; =1)  (11)

Proof.

Consider the general multiplication of the three basic operators €, e,,e;, using scalar coefficients @, , 4, , ¥, pertaining to

some field:
ee, =we +m,e, +w.e, ; e,e; = Ae +A,e, + e ;
ee =y e ty,e tye;. (11a)
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Let us introduce left and right alternation: for any (i, /), associativity exists ¢,e,e; = (e;e;)e; and e,e;e; =¢,(e;e;) that

is to say
eee, =(eee, ; eee,=¢lee) ; eee =(ee)e ; eee =el(ee;) ; eee =(ee)e
esee; = es(ee). (12)

Using the (11) in the (12) it is obtained that

ke, = wk +w,ee, +wee;; k,e, = wee, + w,k, + w,ese, ;

k,e, = Aie,e, + Ak, + Le,e ke, = Aee, + Ae,e; + ks

kie, =y e5e, + 7,058, + 13k kiey =yik, +y,e,e +y,e5e . (13)

From the (13), using the assumption (b), we obtain that

@, %] 71 72
—ee, t0, ——e,e, = e, —e,6;, + V5
k212 2k223 k331k323 V3
, @, 1 4,
o +—=ee, ——ee, =——e,e +—=e,e, +A;
| k. 162 k. 36 k, 36 k, 263 3
V2 73 4 A
—~=ee, +—ee =——ee, + A, +—e,e 14
Vi kllz k131 k212 2k223 (14)
We have that it must be
O =0,=4, =4, =y, =y,=0 (15)
and
— Ak +y,k, =0 Y2k, — @3k =0 Ak, — w3ky =0 (16)

The following set of solutions is given:

ki ==y 05, ky ==Aoy ky ==y, a7

That is to say

Wy =4 =y, =I (18)

In this manner, as a theorem, the existence of such operators is proven. The basic features are given in the following manner
2_2_2_1. — — 7o - — —7p - — —7 e p— 19

e =e, =e; =1l;ee, =—e,e =1ie;; e,6; =—e;e, =1 ;6,6 =—€,€; =1e,;1 =¢€,€,e; (19)

Note that the e, (i =1,2,3) have an intrinsic potentiality that is to say an ontic potentiality or equivalently an irreducible

intrinsic indetermination. Since €, =1 (i =1,2,3), the numerical value +1 or the numerical value —1 are potentially possible

. Such two alternatives (+1 and -1) both coexist ontologically and this potential possibility intrinsically travels in each possible
formal application of this operators.
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Consider now the following new operators

61226521; iP=-1; (20)

ee,=1,¢ee=-1, el=—e¢, le,=¢, ¢gl=¢,, lg=—¢ 21

and we will verify that the (21) holds if the result of the measurement has given the value +1 for e;.

We have instead
2 2 .2
e, =e, =1; i"=-1;
ee,=—1,ee =1, el=e¢,le,=—¢,el=—¢,,1e =¢, (22)

and we will verify that the (22) holds if the result of the measurement has given the value -1 for e,

Theorem 2

Assuming the relations given in (20) , having k, =1, k, =1,k; =1, the following commutation rules hold :
el =e;=1; i’ =—1;

ee, =i, ee =—,el=—e¢,le, =¢,ei=e¢,, le =—e, (23)

Proof

To give proof, rewrite the (11a) in our case, and perform step by step the same calculations of the previous proof, we
arrive to the solutions of the corresponding homogeneous algebraic system that in this new case are given in the following

mannet:
k,=-y,0,; k, =-A ok, ==y, (24)
where this time it must be k; =k, =+4land k; = —1. It results

A =—ly,=—1; o, =+1 (25)

and the proof is given.

The content of the theorem 2 is thus established. When we attribute to ¢, the numerical value +1, we pass from the

previous one relations
ee, =—e,e =liey; =—ese, =le; = =ie, ;i =ee,e;, (e =e; =e; =1)
162 = 766 T16356,85 =66, T16;5 g6 = —ee; =16, 51 = 66,6, (¢ =6, =6 =

to the following new basic rules:
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ee, =1, ee =—i, el=-—e,le, =e,el=e,, le, =—¢, (26)
When we attribute to e, the numerical value of —1 , we have the new fundamental relations

2 2 -2
e, =e;, =1; i" =-1;
ee, =—1,ee =1, el=¢/,le, =—¢,el=—¢,,le =¢, 27)
To give proof , consider the solutions of the (24) that are given in this new case by

A =+1;7, =4 0, =1 (28)

and the proof is given.

The content of the theorem n.2 is thus established. When we attribute to e, the numerical value —1, we pass to new

commutation relations with the following new basic rules:
2 2 )
e, =e, =1; i" =-1;
ee, =—1,ee =1, el=¢,le, =—¢,el=—¢,,le =¢, 29)
In the case of previous measurement we have that the imaginary unit i has its mathematical representation by

e,,e,,e;, by the following relation i = ee,e;. In the case of e; = +1 measurement we have instead

i=ee, , and , in the case of e; = —I measurement, we have 7/=—e¢e, . In both cases 7 becomes an operator that

completes the triplet with ¢, and e, while , before the measurement, it is the scalar I = ee, e,
In a similar way, proofs may be obtained when we consider the cases attributing numerical values (1) to e, orto e,.

Consider the previous two states of system S with its proper representation in Hilbert space.

The complex coefficients ¢, (i = 1,2) are the well known probability amplitudes for the considered quantum state

2 2
Y = and ‘01 ‘ +|cz| =1 (30)
6

For a pure state in quantum mechanics itis o~ = p. We have a corresponding Clifford algebraic member that is given in

the following manner

ps =a+be +ce, +de, 31)
with

2 2
* * . * % _
|cl| | 2| _66% +C ¢, ¢ = i(c,c, —¢;¢y) d= |Cl| |02|
b b
2 2 2

In our old scheme a theorem may be demonstrated in Clifford algebra [3,4]. It is that
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1
pi=pg a=- and @’ =b" +c>+d’ and Tr(p)=1 32)

Let us write again the state of the two state spin z-component quantum system S with connected quantum observable
S; — e;. We have

1 0
|'//>:cl|(01>+cz|(pz> » O :(Oj > P, =(1J 33)

and
2 2
e +ley| =1
As we know, the density matrix of such system is easily written
p=a+be +ce, +de, (34)

with

2 2 * * . * * 2 2
:|Cl| +|CZ| bzclcz"'clcz c:l(clcz_clcz) d:|cl| _|c2|

a b b b
2 2 2 2

(35
where in matrix notation, €, , e,, and e, are the well known Pauli matrices

0 1 0 i 10
“Tlio) 27l 0) %o - 00

The (31) and (34) coincide .

Write the (34) in the two forms.

1 1 . 1 . 1
Ps = 5 (|C1 |2 + |Cz|2) + 5 (cic,)(e +eyi)+ 5 (c,c;)(e —ie,)+ 5 (|cl |2 - |c2 |2)€3 37)
and
1 2 2 1 . . 1 . <1 2 2
Ps = E(|cl| +|cz| )+§(C1C2)(e1 +lez)+§(c1 c))(e _ezl)+§(|cl| _|62| )es %)

The (37) and (38) contain the following interference terms.

1 * . l * .

E (cicy)(e +ey0) + 5 (c,¢,)(e —ie,) 39
and

1 * . 1 * .

E (cicy)(e +ie,) + 5 (c,¢,)(e, —ey0) (40)
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We may write (38) in the following terms

Ps = Pis T Pgint.

(41)
where
1 2 N | 2 2
Pis = Ps = E(|Cl| +|Cz| )+E(|Cl| _|Cz| )e; (42)
and
1 * . 1 * .
Psint = 5 (ci0,)(e +eyi)+ 5 (cc,)(e —ie,) 43)
or equivalently
1 . . | .
Ps.int :E(Clcz)(el +ie))+ E(Cl c,)(e —eyi) (44)

and respectively for the (37) and the (38).

The mechanism that induces the collapse of the wave function is now evident. During the interaction of the system § with
the macroscopic apparatus M the previous intetference terms are destroyed. It never can happen until we assume that in

the (S + M) interaction and during such coupling (S + M) , the system undergoes an operator transition. If , probabilistically

speaking, the macroscopic instrument reads S; = +E , it means that the (37) has prevailed . If instead the macroscopic

instrument reads S; = —5 , it means that the (38) has prevailed.

In the first case the basic commutation rules that hold are those given in (26) ,

ee, =i ,ee =—i, 45)
el =—e,le,=¢,el=¢e,, ie, =—¢, (46)
The density matrix becomes

Pss>i1= Pis T P int.

7)

with

1 x N .
Psin = = (€103)(e + i) += (¢ ¢,)(e, —ie,) =0

2 2 (48)
In the second case the basic commutation rules that hold are those given in (29),
ee,=—i,ee =i, ei=¢,le,=—¢,ei=—¢,le =¢, (49)
The density matrix becomes
Ps—1 = Pis T Psint. (50)
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with

1 . . 1 . .
Ps jint = —(cc))(e +ie,)+—(cc,)(e —ei)=0

The macroscopic appatatus has the task to differentiate Pst from Ps-1 destroying interference.

There is another important feature in such mechanism. The basic matrix density expression, written previously in equivalent
manner in the (37) and (38), contains two algebraic elements that in quantum mechanics relate the Fermion annihilation and
creation operators. In fact they are explicitly expressed in such basic matrix density expression

1 1 * ~ 1 . . 1
Ps = E(|Cl|2 +|CZ|2)+§(CICZ)(81 +ezl)+5(‘31 c,)(e _162)+5(|cl|2 _|cz|2)es 52)

They act before of the interaction of S with M . When the system S interacts with M , the new commutation relations, the
(45) or the (49), act and they completely cancel the presence of the algebraic terms corresponding to the two fermion
creation and annihilation operators. Quantum collapse requires the cancellation of such two operators and it happens during
the transition from previous measurement to during the measurement. This is of course at the basis of the mechanism of the

(S + M) interaction.

3. Conclusion

We have given indication of the mechanism of quantum collapse in quantum mechanics for a quantum system having only
three anticommuting elements. The central approach is that during the interaction of the given quantum system with the
macroscopic apparatus, we have a transition from the basic and standard commutation relations among the well known Pauli
matrices to new commutation relations. This must be a basic feature of quantum collapse and this is the basic reason because
it is so difficult to construct a real theory of wave function collapse. In this case the linear hermitean operator connected to
the given Observable disappears because the Observable becomes a truly physical quantity in its proper unity of measurement
but in its place a new operator appears that does not commute with the old operators of the system and not commuting with
the operator that has disappeared. We have reached this result by using the Clifford algebra in an old paper and we reach the
same result now, in this paper, using only the algebra of the linear hermitean operators.
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